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Renormalization group analysis of the hyperbolic sine-Gordon model
– Asymptotic freedom from cosh interaction –
Takashi Yanagisawa
Electronics and Photonics Research Institute, National Institute of Advanced Industrial Science and Technology (AIST),
Tsukuba Central 2, 1-1-1 Umezono, Tsukuba 305-8568, Japan
We present a renormalization group analysis for the hyperbolic sine-Gordon (sinh-Gordon) model
in two dimensions. We derive the renormalization group equations based on the dimensional reg-
ularization method and the Wilson method. The same equations are obtained using both these
methods. We have two parameters α and β ≡
√
t where α indicates the strength of interaction of
a real salar field and t = β2 is related with the normalization of the action. We show that α is
renormalized to zero in the high-energy region, that is, the sinh-Gordon theory is an asymptotically
free theory. We also show a non-renormalization property that the beta function of t vanishes in
two dimensions.
I. INTRODUCTION
The sine-Gordon model is an important model and
plays a significant role in physics[1–14]. It is known
that the sine-Gordon model is equivalent to the mas-
sive Thirring model in the weak coupling phase[1, 15–17].
The sine-Gordon model has universality in the sense that
there are many phenomena that are closely related to
it. The two-dimensional sine-Gordon model is mapped
to the Coulomb gas model with logarithmic Coulomb
interaction[4, 18, 19].
The hyperbolic sine-Gordon model (sinh-Gordon
model) is similar to the sine-Gordon model, where the
cosine potential is replaced by the hyperbolic cosine one.
The sinh-Gordon model has been studied as a field theory
model[20–26]. It appears that the sinh-Godron model is
similar to the φ4 model when we expand coshφ in terms
of φ. In fact, both models have a kink solution as a classi-
cal solution. There is, however, the significant difference
between these models that the φ4 model is renormalized
in four dimensions while the sinh-Gordon model is renor-
malizable in two dimensions.
The Lagrangian of the sine-Gordon model is given as
L = 1
2t
(∂µφ)
2 +
α
t
cosφ, (1)
for a real scalar field φ. This is written as
L = 1
2
(∂µφ)
2 + g cos(βφ), (2)
where β =
√
t and g = α/t with the transformation φ→
βφ. The sinh-Gordon model is obtained by performing
the transformation in Eq. (2):
β → iβ, (3)
g → −g. (4)
In this paper we investigate the sinh-Gordon model by
using the renormalization group theory. We use the di-
mensional regularization method[27, 28] as well as the
Wilson renormalization group method[29, 30]. The beta
functions are derived using these methods and show that
the coupling constant for the hyperbolic cosine poten-
tial decreases as the energy scale increases. Namely, the
model shows an asymptotic freedom.
The paper is organized as follows. In Sect. 2, we
present the model that we consider in this paper. In Sect.
3, we derive renormalization group equations on the ba-
sis of the dimensional regularization method. In Sect. 4,
we examine the renormalization procedure based on the
Wilson method, and in Sect. 5 we investigate the scaling
property. In Sect. 6 we consider the generalized model
with high-frequency modes and examine their effect on
scaling property. A summary is given in the final section.
II. SINH-GORDON MODEL
We consider the Lagrangian density for a real scalar
field φ:
L = 1
2t0
(∂µφB)
2 − α0
t0
cosh(φB), (5)
where t0 and α0 are bare coupling constants, and φB is
a bare real scalar field. The second term is the potential
energy given by the hyperbolic cosine function coshφ =
(eφ + e−φ)/2. t and α denote the renormalized coupling
constants. They are related to bare quantities through
the relations given as
t0 = tµ
2−dZt, (6)
α0 = αµ
2Zα, (7)
where Zt and Zα are renormalization constants. We in-
troduced the energy scale µ so that t and α are dimen-
sionless constants. We adopt that t and α are positive:
t > 0 and α > 0. The renormalized field φR is defined by
φB =
√
ZφφR, (8)
where we introduced the renormalization constant Zφ for
the field φ. Then, the Lagrangian with renormalized
quantities is
L = µ
d−2Zφ
2tZt
(∂µφ)
2 − µ
dαZα
tZt
cosh(
√
Zφφ), (9)
2where φ indicates the renormalized field φR.
We consider the Euclidean action for convenience. The
action for the sinh-Gordon model in d dimensions reads
S =
∫
ddx
[µd−2Zφ
2tZt
(∂µφ)
2 +
µdαZα
tZt
cosh(
√
Zφφ)
]
.
(10)
III. RENORMALIZATION GROUP EQUATIONS
A. Renormalization of α
We consider tadpole diagrams to take account of the
renormalization of α up to the lowest order of α (Fig.
1)[6, 31–33]. Using the expansion coshφ = 1+(1/2)φ2+
(1/4!)φ4 + · · · , the hyperbolic cosine function is renor-
malized in a similar way to the sine-Gordon model, as
cosh(
√
Zφφ)→
(
1 +
1
2
Zφ〈φ2〉+ · · ·
)
cosh(
√
Zφφ)
= exp
(
1
2
Zφ〈φ2〉
)
cosh(
√
Zφφ). (11)
The expectation value 〈φ2〉 is evaluated as
Zφ〈φ2〉 = tµ2−dZt
∫
ddk
(2π)d
1
k2 +m20
= −1
ǫ
t
Ωd
(2π)d
, (12)
where we put
d = 2 + ǫ. (13)
m0 was introduced to avoid the infrared divergence and
Ωd is the solid angle in d dimensions. In general, the
divergent terms such as tn/ǫn for n ≥ 2 will be cancelled
in a renormalization procedure. We choose Zα to cancel
the divergence as
Zα = 1+
1
2ǫ
t
2π
+
1
8ǫ2
(
t
2π
)2
+ · · · = exp
(
t
4πǫ
)
, (14)
near two dimensions. We have µ∂α0/∂µ = 0, since the
bare coupling constant α0 is independent of the energy
scale µ. This leads to
β(α) ≡ µ∂α
∂µ
= −2α− αµ∂ lnZα
∂µ
. (15)
Similarly we have
β(t) ≡ µ ∂t
∂µ
= (d− 2)t− tµ∂ lnZt
∂µ
. (16)
Because Zt = 1 up to the lowest order of α, we obtain
up to the first order of t,
µ
∂ lnZα
∂µ
=
1
4πǫ
µ
∂t
∂µ
= µ
1
Zα
∂Zα
∂µ
=
t
4π
. (17)
This results in
β(α) = −2α− 1
4π
αt = −2α
(
1 +
1
8π
t
)
. (18)
This expression holds near two dimensions. It then ap-
pears that β(α) has zero only at α = 0 since t > 0, which
is shown in Fig. 2. β(α) is always negative indicating
that the asymptotic freedom is a feature of sinh-Gordon
model.
+ + + · · ·
FIG. 1. Tadpole diagrams for the renormalization of α.
β(α)
α
0
FIG. 2. The beta function β(α) as a function of α. The
arrow indicates the flow as µ→∞.
B. Renormalization of t
Let us examine the renormalization effect on the cou-
pling constant t. We consider the correction to the kinetic
part of the action. The correction to the action in the
second order of α is given by
S(2) = −1
2
(
µd
tZt
)2
(αZα)
2
∫
ddxddx′ cosh
(√
Zφφ(x)
)
× cosh
(√
Zφφ(x
′)
)
= −1
4
(
µd
tZt
)2
(αZα)
2
∫
ddxddx′
[
cosh
(√
Zφ(φ(x) + φ(x
′))
)
+cosh
(√
Zφ(φ(x) − φ(x′))
) ]
. (19)
The term with cosh
(√
Zφ(φ(x) + φ(x
′))
)
gives an ef-
fective potential with high-frequency mode, which is
3not examined in this section. The second term
cosh
(√
Zφ(φ(x) − φ(x′))
)
will give a correction to the
kinetic term, thus to the renormalization of t.
Based on the tadpole approximation where we consider
diagrams shown in Fig. 1, cosh
(√
Zφ(φ(x) − φ(x′))
)
is
renormalized as
cosh
(√
Zφ(φ(x) − φ(x′))
)
→ exp
(
1
2
Zφ〈(φ(x) − φ(x′))2〉
)
× cosh
(√
Zφ(φ(x) − φ(x′))
)
.
(20)
Then we have
S(2) ≃ −1
4
(
µd
tZt
)2
(αZα)
2
∫
ddxddx′
[
× exp
(
1
2
Zφ〈φ(x)2 + φ(x′)2〉 − Zφ〈φ(x)φ(x′)〉
)
× cosh
(√
Zφ(φ(x) − φ(x′))
) ]
. (21)
The correlation function 〈φ(x)φ(x′)〉 is written as
〈φ(x)φ(x′)〉 = tµ
2−dZt
Zφ
Ωd
(2π)d
K0(m0|x− x′|), (22)
where K0(z) is the zeroth modified Bessel function.
K0(z) divergently increases as z approaches zero. Then,
exp(−Zφ〈φ(x)φ(x′)〉) becomes very small when |x − x′|
is small. A dominant contribution comes from the region
where |x− x′| is large. This indicates that S(2) gives no
contribution to the renormalization of the kinetic term
since we cannot expand S(2) with respect to r where
r = x′ − x. Thus, there is no renormalization of t up
to the second order of α. This is in contrast to the result
for the sine-Gordon model where exp(−Zφ〈φ(x)φ(x′)〉)
becomes very large for x− x′ ∼ 0. The beta function for
t is now given as
β(t) = (d− 2)t. (23)
IV. WILSON RENORMALIZATION GROUP
METHOD
Let us examine the renormalization group theory for
the sinh-Gordon model based on the Wilson renormaliza-
tion group method. In Wilson’s method, we start from
the action
S =
∫
d2x
[1
2
(∂µφ(x))
2 + g cosh(βφ(x))
]
, (24)
with the cutoff Λ in the momentum space. We consider
corrections to the action when we reduce the cutoff from
Λ to Λ − dΛ. The field φ(x) is divided into two terms
φ(x) = φ1(x) + φ2(x) where
φ1(x) =
∫
0≤|k|≤Λ−dΛ
d2k
(2π)2
eik·xφ(k),
φ2(x) =
∫
Λ−dΛ≤|k|≤Λ
d2k
(2π)2
eik·xφ(k). (25)
The action is written as
S =
∫
d2x
[
1
2
(∂µφ1)
2 +
1
2
(∂µφ2)
2 + g cosh(β(φ1 + φ2))
]
= S0(φ1) + S0(φ2) + S1(φ1, φ2). (26)
The last term S1 is regarded as a perturbation. Since the
potential coshβ(φ1 + φ2) is approximated as
coshβ(φ1 + φ2) = cosh(βφ1)
(
1 +
1
2
β2φ22 + · · ·
)
+sinhβ(φ1)(βφ2 + · · · ), (27)
the correction to the action S0(φ1) in the lowest order is
given by
S(1) = 〈S1〉 = g
∫
d2x〈cosh(β(φ1 + φ2))〉
≃ g
∫
d2x exp
(
β2
2
〈φ22〉
)
cosh(βφ1)
≃ g
(
1 +
β2
4π
dΛ
Λ
)∫
d2x cosh(βφ1), (28)
where 〈· · · 〉 indicates the expectation value with respect
to the action S0(φ2):
〈Q〉 = 1
Z2
∫
dφ2Qe
−S0(φ2), (29)
with Z2 =
∫
dφ2e
−S0(φ2). 〈φ22〉 reads 〈φ2(x)φ2(x′)〉 for
x′ = x where the correlation function in this formulation
is
〈φ2(x)φ2(x′)〉 =
∫
Λ−dΛ≤|k|≤Λ
d2k
(2π)2
eik·(x−x
′)〈φ2(k)φ2(−k)〉
=
1
2π
J0(Λ|x− x′|)dΛ
Λ
, (30)
where 〈φ2(k)φ2(−k)〉 = 1/k2 and J0(z) is the zeroth
Bessel function.
The correction to S0(φ1) in the second order of α is
given by
S(2) = −1
2
g2
∫
d2xd2x′
[
〈cosh(β(φ1(x) + φ2(x))) cosh(β(φ1(x′) + φ2(x′)))〉
−〈cosh(β(φ1(x) + φ2(x)))〉〈cosh(β(φ1(x′) + φ2(x′)))〉
]
≃ −1
4
g2
∫
d2xd2x′ exp
(
β2〈φ2(x)2〉
) [
[
exp
(
β2〈φ2(x)φ2(x′)〉
)− 1] cosh(β(φ1(x) + φ1(x′)))
+
[
exp
(−β2〈φ2(x)φ2(x′)〉)− 1]
× cosh(β(φ1(x)− φ1(x′)))
]
. (31)
The first term with cosh(β(φ1(x) + φ1(x
′))) gives a po-
tential of the form cosh(2φ1) which we neglect in this sec-
tion.
[
exp
(−β2〈φ2(x)φ2(x′)〉) − 1] in the second term
becomes small as |x − x′| decreases. Hence there is also
4no renormalization effect for the coupling constant t up
to the order of α2 in this formulation. Then, the effective
action for the field φ1 with the cutoff Λ − dΛ is
SΛ−dΛ =
∫
d2x
[
1
2
(∂µφ1)
2 + g
(
1 +
β2
4π
dΛ
Λ
)
cosh(βφ1)
]
.
(32)
We perform the scale transformation to let the cutoff be
Λ:
x′ = e−dℓx, (33)
k
′ = edℓk, (34)
φ1(k) = ζφ˜1(k), (35)
where dℓ = dΛ/Λ. We have
φ1(x) = ζe
−2dℓ
∫
0≤|k′|≤Λ
d2k′
(2π)2
eik
′·x′ φ˜1(k
′)
= ζe−2dℓφ˜1(x
′). (36)
The effective action reads
SΛ−dΛ =
∫
d2x′
[
ζ2e−4dℓ
1
2
(∂µφ˜1(x
′))2
+e2dℓg
(
1 + β2
1
4π
dΛ
Λ
)
cosh(βζe−2dℓφ˜1(x
′))
]
=
∫
d2x′
[1
2
(∂µφ˜1(x
′))2 + g
(
1 + 2
dΛ
Λ
+ β2
1
4π
dΛ
Λ
)
× cosh(βφ˜1(x′)
]
, (37)
where we set ζ = e2dℓ. This indicates that t is not renor-
malized and g is renormalized to g + dg:
Λ
dg
dΛ
= 2g +
1
4π
β2g. (38)
The equation for α reads
Λ
dα
dΛ
= 2α+
1
4π
tα. (39)
Hence, we obtained the same equation as in the previous
section and the effective α increases as the cutoff Λ de-
creases to the low-energy region. Because we examined
the derivative in the descent direction for Λ → Λ − dΛ,
the above equation has opposite sign to the equation in
Eq. (18). Since dΛ is related to dµ as d ln Λ = −d lnµ,
we have the same equation. Since the beta functions in
the dimensional regularization method were obtained by
fixing bare quantities, we used a partial derivative ex-
pression in Sect. 3.
V. RENORMALIZATION GROUP FLOW
The renormalization group equations in the lowest or-
der of α and t are
µ
∂α
∂µ
= −2α
(
1 +
1
8π
t
)
,
µ
∂t
∂µ
= (d− 2)t. (40)
In two dimensions (d = 2), we have t = t0 = constant
and
α = α0
(
µ
µ0
)−(2+t0/4π)
, (41)
where we adopt that α = α0 at µ = µ0. The flow as
µ → ∞ is shown in Fig. 3. t remains constant, and α
decreases and approaches zero.
For d near 2, the solution is given by
t = t0
(
µ
µ0
)d−2
, (42)
α = α0
(
µ
µ0
)−2
exp
[
− t0
4π
1
d− 2
((
µ
µ0
)d−2
− 1
)]
,
(43)
where t0 and α0 are initial values of t and α. In the
limit d → 2, this set of solutions reduces to that for
d = 2. The renormalization group flow is shown in Fig.
4 for general d. In the high-energy region the effective α
becomes vanishingly small, and instead in the low-energy
region α becomes very large and will dominate the low-
energy property. The function in Eq. (43) is important
in the theory of the sinh-Gordon model. In a variational
theory[20], the expectation value of the potential energy
is expressed with this function.
α
t
0
0
FIG. 3. The renormalization group flow in two dimensions
d = 2 where the arrow indicates the flow as µ→∞.
VI. RENORMALIZATION OF
HIGH-FREQUENCY MODES
In the renormalization procedure in the previous sec-
tion a high-frequency mode such as cosh(2φ) appears that
we have neglected so far. We examine the renormaliza-
5α
/α
0
t/t
0
0
0 1
d > 2
d < 2
d = 2
FIG. 4. The renormalization group flow starting from t = t0
and α = α0 for d > 2, d = 2 and d < 2, respectively, where
the arrow indicates the flow as µ→∞.
tion of high-frequency terms in this section. Let us con-
sider the action:
S =
∫
d2x
[
1
2
(∂µφ)
2 +
∑
n=1
gn cosh(nβφ)
]
=
∫
d2x
[1
2
(∂µφ1)
2 +
1
2
(∂µφ2)
2
+
∑
n=1
gn cosh(nβ(φ1 + φ2))
]
= S0(φ1) + S0(φ2) + S1(φ1, φ2), (44)
where φ1 and φ2 were defined in Sect. 4. gn ≡ αn/t
(n = 1, 2, ...) are the coupling constants and β =
√
t.
The lowest-order correction in the Wilson method is
S(1) =
∑
n
gn exp
(
n2
β2
2
〈φ22〉
)∫
d2x cosh(nβφ1(x))
=
∑
n
gn exp
(
n2
β2
4π
dΛ
Λ
)∫
d2x cosh(nβφ1(x)).
(45)
The second-order correction is given as
S(2) = −1
4
∑
nm
gngm exp
(
(n2 +m2)
β2
4π
dΛ
Λ
)
×
∫
d2xd2x′
(
exp
(
nmβ2〈φ2(x)φ2(x′)〉
)− 1)
× cosh(nβφ1(x) +mβφ1(x′))
≃ −1
4
∑
nm
nmgngm
∫
d2r
β2
2π
J0(Λr)
dΛ
Λ
×
∫
d2x cosh((n+m)βφ1(x))
= −CΛ
4
β2
∑
nm
nmgngm
dΛ
Λ
∫
d2x cosh((n+m)βφ1(x)),
(46)
where CΛ is a constant:
CΛ =
∫
d2r
1
2π
J0(Λr). (47)
Then, the effective action is
SΛ−dΛ =
∫
d2x
[1
2
(∂µφ1)
2 +
∑
n=1
gn
(
1 +
n2β2
4π
dΛ
Λ
)
cosh(nβφ1)
− CΛ
4
β2
∑
nm,1≤m≤n−1
gn−mgm(n−m)mdΛ
Λ
cosh(nβφ1)
]
.
(48)
After the scaling transformation x → x′ = e−dℓx, this
action results in the scaling equations
Λ
dgn
dΛ
=
(
2 + n2
β2
4π
)
gn − CΛ
4
β2
∑
1≤m≤n−1
m(n−m)gn−mgm,
(49)
Λ
dβ
dΛ
= 0. (50)
Since gn = αn/t, we have
Λ
dαn
dΛ
=
(
2 + n2
t
4π
)
αn−CΛ
4
∑
1≤m≤n−1
m(n−m)αn−mαm.
(51)
For small n (n = 1, 2, ...), the equations for αn are
Λ
dα1
dΛ
=
(
2 +
t
4π
)
α1, (52)
Λ
dα2
dΛ
=
(
2 +
t
π
)
α2 − CΛ
4
α21, (53)
Λ
dα3
dΛ
=
(
2 +
9t
4π
)
α3 − CΛα1α2. (54)
α1 obviously decreases to zero in the high-energy re-
gion. Thus, α2 and α3 also decreases as the energy
scale increase. Hence the sinh-Gordon theory with high-
frequency modes remains an asymptotically free theory.
6VII. SUMMARY
We have presented a renormalization group analysis
of the sinh-Gordon model. The analysis is based on
the dimensional regularization method and also the Wil-
son renormalization group method. A set of beta func-
tions were derived and its scaling property was discussed.
In contrast to the sine-Gordon model, the sinh-Gordon
model exhibits an asymptotic freedom with vanishing α
in the limit µ→∞ in two dimensions (d = 2). Up to the
second order of α, the coupling constant t is not renor-
malized in two dimensions. In Ref.[20], the ground-state
energy was estimated by using a variational wave func-
tion. The same function as in Eq. (43) appears in the
evaluation of the potential energy and plays an impor-
tant role. This indicates that the two results are consis-
tent. We have also examined the generalized model with
interactions αn cosh(nβφ) (n = 1, 2, ...). It was shown
based on the Wilson method that the equation for α1
remains the same and that the generalized sinh-Gordon
theory is an asymptotically free theory. We obtain the
same renormalization group equations by employing the
dimensional regularization method, where the coefficients
for higher-order terms are slightly modified.
The sinh-Gordon model belongs to a universality class
showing asymptotic freedom. The nonlinear sigma model
and non-Abelian Yang-Mills theory also belong in this
class. Thus the sinh-Gordon model is an interesting
model and may be applied to various phenomena in the
future. In the infrared region, the parameter α increases
and dominates the property of the system. The physical
property is determined by the potential energy coshφ.
In this region, φ may be small since the kinetic term is
negligibly small. Then, coshφ can be expanded by φ to
investigate the low-energy property. The effective action
is given by a φ4 theory:
Slow =
∫
d2x
[
1
2
(∂µφ)
2 +
α
2
φ2 +
1
4!
tαφ4
]
, (55)
where we did the scale transformation φ→ √tφ.
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